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Abstract — In this paper a feedback controller stabilization of 
non-bilinear descriptor system have been developed via 
logarithmic norm approach. The sufficient conditions on 
parametric uncertainty where the system is regular or impulse 
free have been given. Some theoretical results supported have 
been adopted with suitable illustrations example for designing a 
stabilizing controller for non-bilinear uncertain descriptor 
systems based on the theoretical result have also been developed. 


Index Terms — Bilinear system, Descriptor system, Dini 
derivative, Logarithmic Norm,Parametric matrix uncertainty. 


I. Introduction 

Logarithmic norms were often used to estimate stability 
and perturbation bounds in linear ordinary differential 
equation [7],[ 10]. Extensions of other classes of problems 
such as nonlinear dynamics descriptor system need a careful 
modification of logarithmic norm.. One important problem 
for stability of bilinear systems is given an integral equation 
such that any solution of bilinear systems satisfies this 
equation, this is require to solving the singular linear part 
and studying the consistent initial conditions that was already 
given in [2],[3] .the robust stabilization of bilinear systems 
with parametric uncertainty by nonlinear state feedback was 
considered in [13]. We present and discuses possibilities for 
stability of non-bilinear descriptor system with bounded 
perturbation using logarithmic norm concept. 

II. PROBLEM FORMULATION 

Consider the descriptor non- bilinear system 
Ex = (A 4- 4- (B 4- SB)u(x)x(t) 4- 

...( 1 ) 

with 

1- x be n-dimentional vector space. 

2- E be n X n singular matrix with index k and 
rank (E‘\ = p. 

3 - A, B are nxn constant matrices . 

4- SA a SB are constant perturbations matrices with 
\\SA\l <aA\SBj\ < b , and a, b, are positive integers. 

5- u (Elbe nonlinear input control 

6 - g: R™ is a vector of nonlinear functions which may 
represent a known non-linearity. 

III. BASIC CONCEPT 

3.1. Definition: [6] 

Let / be a function defined on / = [ a f b ] then 
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D + f(jx) = lim sup 

B + f(x) — lim inf 
rz-s 


/U 4- h) - fix) 
h 

/U - h h) - f(x) 
h 


Be right upper and lower Dini derivative respectively 

3.2. Remark 

The properties of the Dini derivative can be found in 
[5],[12]. 

3.3. Definition: [8] 

The Logarithmic norm is a real valued functional on 
operators and is derived from either an inner product or vector 
norm or it's induced operator norm . 


3.4.Definition: [4] , [11] , [14] 

Let A be square matrix and |. [ be an induced matrix 

norm then associated logarithmic norm u of A is defined 
, , 11 / 4 - hAU - 1 

u(A) — lim sup - 

rz-s& + h 


Where / is identity matrix of the same dimension of, h is real, 
positive number. 

3.5. Remark 

The properties of the logarithmic norm can be found in [3], 

[ii], m. 

3.6. Lemma (Generalization of Gronwell's lemma) [1] 

Let a f b f n f k E K f a < h , n > 1 i 2 n& K > 0, 

[a f b] an integral function such that 

V a,fl E [a, b] («< £•):Xf /t) ds > 0 and 

x:[a f b] 

If 

x(t) < K 4- J^/Cs ) [x (s)]* ds 

andl - (n - 1) K n _1 J J/Cs) ds > 0 


Thenx(t) <- r~ 

L— Cti- D If 71-1 J^/CsCld5] TC_1 


IV. STABILIZATION OF UNCERTAIN NON-BILINEAR 
DESCRIPTOR SYSTEM VIA LOGARTHMIC NORM 

APPROACH 


4.1. Lemma 

Consider the non-bilinear descriptor system (1) 

If there exist a non singular matrices P,Q such that: 

1- IV = p-'X = [j£], ^ e w 3 e 

= P , % = n ~ P 

2- QEP - diagQn^ 0), QAP - diag(A 1 J r .f l , 
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Pl 

£ 

LU 

- i 

is A 2 

ga 4 . 


with appropriate dimension. 

3- Qg(_x(ty) = Qg{Pw(t)) = w 2 (0) 

_ ^i (w L (t), Wjft}) 

Aa (w t Ct!) „ w 2 CO ). 

Then the decomposite system has been as: 

w^CO = (A L -f A]_)«?']_(0 T GA 2 w 2 CO T 

F SB 1 )u(pw(.t) )w L (0 T (fi 3 -f GB 2 ) j : - ...( 2 ) 

u{pw CO ju-n CO T h t (w t (0 , w 2 CO ) 

0 = Ctfii 2 .)w L C0 -f Cr „ 2 F ^^ 4 )vr 2 (0 T (M 2 F £B 2 y 
u(pw(0)w L (d F (B^ -f tffi 4 ]u(pwC0)w 3 C0 j ...(3) 

■fj ^2 (_W J _ (Oh W 2 CO) 

Proof: 

Consider the system “(1)” with E singular of index k and 
rank p if the nominal system is regular then there exist two 
non-singular matrices Q and P such that 

W = p -'X = ]. e W, w 2 e K R -- D and 

Ex 3 it) = (A +54)x(t) 4- (B 4- 4- a(*(0) 


QEPw 3 it) - Q(A +GA)Pw(t) 4- Q(B 4- SB} 
Py(pwCt)jwCt) 4- Qg(Fw(t)) 



F i5\.4 ^ 

1 

Ch 

a-- 

i ^ 

— i 

l 0 0 J l 

SA* 

im. 

I n2 F GA ^ J 


u- 


it) 4- 


c 


B^ F SB 1 Bq F GBq 
F £B 2 B 4 T SB^ 

(u-i (t),w 2 (0) 

(w L (0nW 2 CO). 


■u (pic CO ju- CO 1 


F 


w[ to = F JA^WlCO T SA 2 w 2 CO F 
(B t F 5B l 3u(jjwCO)w l CO F 
(B 2 T SB 2 ) u tpw ( £) V a CO 1 T h L (uq (0 # w 2 (0 \ 

0 = {8A 2 Vi CO T (Jji 2 T 5A 4 3w 2 C0 
F(E 2 F SB 2 )u(p\v(.t'))w 1 (£) F C B± F SB 

u (pw (£)) w 2 CO F Jij (w L COu-n CO 1 ) 

4.2. Remark 

1- If the nominal system is not regular one can transform the 
system to regular one see [3]. 

2- as special case if one take 

- u a • «“■ - n a ■ o-=I? a . 

tAi I < c-i and lltffijl < ibi for some positive constant 


= C^i T tfAduT T (j B l T 5fi L ]u{jjwC0)wj.C0 

-hi h L (ffiCtWaCt)) 

0 = u- 2 + S : u (j3u-COju-iCO 


.(4) 


..(5) 


On using the result of lemma (4.1) and logarithmic norm 
approach with a necessary conditions, the following 
stabilizing theorem is developed. 

Theorem (4.1) : Consider the system “(1)” with the 
composite non-bilinear descriptor system “(4)” and “(5)” if 
the following condition satisfied 

1- The nominal system is regular 

2- is chosento be constant perturbation such that 


9 

3- 


ll [a r 


< ye l3cr V£ > 0, Df ,y positive integers. 


ufjnvCd) = 


/C w i W) 


||m.’ 1 (0)|| 2 

f i'm-'i (tj ) is a vector function satisfy 

ll/M0)l < fit) IK col 2 

The nonlinear control satisfies 

. . rwii(» 1 tt))ip 

4- the vector of non-linear functions 

. . e -ict ll(w 1 (t))|| a 

[|fc 1 (w 1 (0,w 2 (0)ll <- 


'2 


II W L (0) III 

For some positive constant k. 

Then the system “(1)” is an exponentially stable. 

Proof: Substitute the above third condition in the algebraic 
equation "(5)” one can construct the space of consistent initial 
condition as follows 

r , -v , ^ . f(. w i CO j ) 

={Cw 1 C0Xw 2 C0])|w 2 C0) = -B s ]j—^p-w L (0l 


uq (OJ G MF and uq (0j == 0} 

From “(4)” 

w[ = {A l -f +■ ( B t F )iv L ( 0 ' 

+^l( w i (Oh w 2 (0) 


Using Dini derivative 
D + KfOll ^ lim slip 


llw^Ct F h) || - ||w 1 (£)|| 


|[wj_C0 F hw^t) || - \\w L CO II 

= lim - ; - 

IIwtCO F h(A t F 5'A 1 )w 1 Ct)ll - II Wj.CO IP 

< lim —-----—-- 

h 

+11(^1 F GB^) n (pu- CO luq (d F ^ C w 


a,b and -^Cf3)] for 

uncertain nonlinear Qs{wiit), w 2 it)) then“(2)”and“(3)”In 
the decomposite system be as following 


11/ F h(A L F M 1 )ll - 1.. 

< lim - ; - lluqCd II 

f||(^i F ^du(pw(d)w r 1 (d F Aj.C w )IL 
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= ulA t + SA t ] l!u- i (Oil 
-fi-||(^i 4- SE^uipw (0)^(0 4- K(w}\l 




h 


= l" 


•(7) 


Where 

^[d 1 + 6 , A 1 ]= lim 

r;—0 + 

Now 

D t + IK(fc) || < ullu’j (0II + 

|| (Sj + )w L (fc) + A 1 (w)||., 

Multiply both sides of “(6)” by to get 

< llc^i -I- iSS JuG”* 7 W) M; 1 W + fci(w0ll® - ' !rr 
And by integrate both sides of “(7) “one can get 

IK(t)IIc _JLr - IK (0)11 

< Julies! + i'£ 1 _)u(pu’(0)u- 1 _(0 + fci(u0ll G-,Es 
Substitute u(w L (t)) in (8) to have 

IK(t)ll<^lK(o)ll 

r‘ „ „ ll/O)llllwj 1 0ff)ll 2 „ B , > 

-1- j e . E(t “(||5 1 + fiB 1 || — Hiy (Q)p — II w l Cs 3 II + A L (w))ds 


( 8 ) 


IU L Ce)ll < ^IK(o}|| 

1 + I + SBjIll/ts) IllkjCs) || a Ik’! Co) I' 3 + 


By divide both side of the last inequality by e- r K i.Oj 

II tt) II 


A 1 
II Wh 


V 


( 0,1 || 
t 


< 1 + 


I 


z 


e*“|fi 1 +fiB 1 ||||/fc)ll 


IK fe}|| 


3 


e^lKCO) II. 


+ 


e “ s ||(w 1 Cs))ll 

ff7"||| M .’ 1 (0j|| a 


Q£ 


II w t tO II 

IK to) ll~ 1_ 

t 

| (e 2ps \\B t +&BJI ||/t)|| + e - fa ) 
o 

From the first condition we have that 

G JL[A+SAlt > Q 

On applying lemma (3.6) 

UwiUJ II 

^111^(0)11! 

1 

<- 


IKfe)ll 


-,3 


e- Es ||w L (0j 


as 


J1 — 2 (IK II + a >-***11/(5)11 + e- ; -')ti.s 

IM*> II 

r e ,_icf llw 1 COJ II! 

Jl - 2 //tr (II Si III + faiJe-^ll/Csjll + e-*)ds 

Hence limll^ (Oil -* 0 


From “(5)” 

f" (vr (01 

WjtO = -B 2 u{pw (0)^(0 = -B 2 1—p-w L CO 

H/fe)llllK(t))ll a 


1 2 


IKCtj I ^ 2 II ii Wl ( 0 )|| 

Since iVi (t'i is exponentially stable , then 
IK (Oil 0 as t —> oo 


.. .(6) And by the linear transformation w = p~ l x 

Thus the original system “(1)” is exponentially stable. 

4.3.Example 

Consider the descriptor non- bilinear system “(1)” 
Ex B (t) = (A 4- SA)x(t) 4- (B 4- SB}u(x)x(t) 4- $(*(0) 


Where 


E = 


B = 


1 0 

0 

Q- 



■ 0 

1 

0 

0- 




0 0 

1 

0 



1 

0 

0 

0 




0 0 

0 

0 


-1 

0 

0 

1 

9 



0 0 

0 

o- 



0 

1 

1 

1-1 




--2 

0 

0 

o- 




0.02 


0 

0.1 

Q- 

0 

0 

2 

0 

, SA = 


0 


0 

-0.1 

0 

1 

0 

-2 

0 


0 


0 

0 

0 

0 

0 

-2 

0-1 




0 


0 

0 

0-1 


'0.2 

0 

0.01 

0- 



0 

0 

0 

0 

-0.1 

0 

0 

0 


0 

K! 

0 

0 

0 - 


. 0 . 


SB = 


Solution: 

Stev(l): Rank(E') = p = 2. 

Step(2): The nominal system is regular since both E, A sequre 
matrix and for A = 1 £ cr(F, ,4) {the set of all finite spectrum 
eigenvalue}, UF - ,41 =£ 0 . 

Stey(3) : There is two nonsingular matrices Q , P such that 

W = p- tv - 
-z 


= H 


Where Q — 


=E3 

, W 

1 6 


w 2 E 

K 2 

, V 

l T z 

1 

0 

1 - 

-1 


■ 1 

0 

0 

0- 

0 

0 

1 

0 

0 

-1 

0 

1 

,p = 

-1 

0 

-1 

1 

1 

0 

0 

0 

1-0 

0 

1 

0- 


1- 1 

0 

0 

1-1 


and QEF - 


■1 

0 

0 

0- 


0 

0 

1 

0 

0 

0 

0 

0 

1! 

ki 

0 

0 

0-1 



-1 -1 0 0 

1 0 0 0 

0 0 1 


QBP = 


-1 0 0 0 

0 2 0 0 

-1 0 0 0 


L 0 


- 0.02 

0 

0 


0 

0 0 1 J 


0.1 0 0 

-0.1 0 0 


'I 

L 

2 0 

0 J 



0 


'0.2 

0.01 

0 

Q- 



i ,QSBP = 

0 

0 

-0.1 

0 

0 

0 

0 

0 

II 

*- 2t 

0 

■ 

1- 0 

0 

0 

0-1 


. 0 - 


0 

0 


0 0 
0 0 J 



z 1 sin(z 1 j 0 

0 0" 

u (u-J = 

z 3 coe(zjJ 0 

0 

0 

0 0 

0 

0 

f 

- 0 0 

0 

qJ 

J Stev(4): 

To determine 

the 


condition W k 
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, . /MO)) . 

u-\(0) 

, f w 'ul 

whsre w i = IwJ - = LJ 

-.CO) = [°] 

*ro--IV % 30 /* 

-iTO-0. 

H4 = {(M'’ 1 CO>WjCO))|Cw 1 (oXu;jCo)) = (0,2,0,0)}. 


-f- 0 ., 


One can use vv\ 


u- 


Vi- 
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Step(5): Using the Dini derivative to get logarithmic norm as 


ulA 1 -|- i 5.4 -l ] = lim 


. , , r— 1-02 - 1.1 

,+ ' , l 1 -0.1 


- 1 


'rz^fur h 


= a 


Step(6): On setting y = L«= 2 , 


im = 1 \ S X 


—2t 


< 


IcwiWjlH 




one can find 

IMO II < - 


e -2t IK(0)|| 


1-2 //(l 2 (2 4- II - s-^yds 


Hence lim II (Oil -* 0 

And since Wj(t) = —B^u(ve (t))vr L (t) 


< -IIBJI 


ii/council 

:o) 

r 

II VI 

iCcQII 

I s 


= - 1/2 It CO) | 


Since is exponentially stable , then 

IIwjCOII 0 as t —* CO 

And by the linear transformation w = p~ 1 x 

Thus the original system “(1)” is exponentially stable. 


V. CONCOLUSION 

A stabilization feedback controller for uncertain bilinear 
descriptor had been designed using logarithmic norm 
approach, with illustration. 
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